2008 BLUE MOP, INEQUALITIES-II 
ALI GUREL 


(1) (Tournament of Towns-97) Let a,b, c be positive numbers such that abc = 1. 
Prove that 
1 1 1 


+ + < 
a+b+1 b+c4+1 ct+tat+l7 


(2) (IMO-95) Let a,b,c > 0 such that abc = 1. Prove that 
1 oe 1 4: 1 3 
ak(b+c) bB(c+a) (a+b) ~ 2 


(3) Let x,y, z be non-negative real numbers with ry + yz + za = 1. Prove that 
1 1 1 5 
+ >= 
cty ytez z+a7 2 
(4) If a,b,c > 0, prove that 
a & b3 ea 3(ab + bc + ca) 
b?—be+c? =e? —ca+a? 


"a2 —ab+b2 — at+tbt+e 


(5) Ifa+y+z=1 for some non-negative numbers «x, y, z, prove that 
7 
O< cyt yet 24 — 2ryz < a7 


(6) (Iran-96) Let x,y,z be positive numbers. Prove that 


1 1 1 9 
uty 20) (Coat gaapt wap) er 


(7) (IMO-05) Let x,y and z be positive numbers such that xyz > 1. Prove 


that 


5 2 5 2 5 2 
Ge ee. — iy Ss 
oe. >0. 


ye ee ee oe ae 


(8) (IMO-00) Let a, b,c be positive numbers such that abc = 1. Prove that 


(rf) (0-168) (red) 
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Problem 1, Solution by Ali Gurel: We multiply out and clear the denominators. 
After using the relation abc = 1 to homogenize both sides, we get 


1/7 11 5 2 2 3/4 4 1 1 
LHS = 42 iia 
e 2 ipa Spal 2 legal] tal 
1/7 11 5 2 2 3/4 4 1 1 
HS = + pea iy ai i ee a 
cea 2 F.o5| Ba > (5 3 q | I+9l 
Finally LHS > RHS since by Muirhead [3.4.4] > [2,1,0] 


Problem 2, Solution by Zhifan Zhang: We will show that 
3 
S- b?c?(a+ b)(c +a) > 52 Bela + b)(b+ c)(ce+a). 
cyc 


Expanding, we get 


1 1 
LHS = [4,3,1]+5(3,3,21+ 5[4,4,0 
_ 16 13 7 1}13 13 10 1/16 16 4 
7 3° 3°73 213° 3°73 213° 3°38 
3 1 
RHS = 3(5,4,3)+ 514,44 
By Muirhead 
16 13 7 
smal eee 
[pepe] 2 AS 
16 16 4 
BO eee | eigad d 
Fegeg] 2 tah am 
13 13 10 
—,—,—| > [4,4,4]. 
Pere 


combining these three inequalities, we get LHS > RHS 


Problem 3, Solution by Gye Hyun Baek: Using the relation cy+yz+zx% = 1 
we get the equivalent inequality: 


11+4(a0* + y* + 24) > 25a? y? + 2? + (a? + y? + 27) $17 (a? y? + y?2? + 272), 
Now we make every term to degree six by multiplying with a power of xytyz+zx@ = 
1. After the cancelations, we get 


LHS—RHS = (4 LS xy +3 S> giyz+14 os gyre + 41x?y?2”) -(° xy? +3 x ay), 
We notice that, by Muirhead 
Noyes Dee Le 


Thus, LHS > RHS, as desired. The equality holds when (2, y, z) = (0,1, 1), (1,0, 1), 
or (1, 1,0) 
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Problem 4, Solution by Toan Phan: Firstly, we will prove that 


3 be 
sS- a> ae 
cyc cyc a 
Multiplying out we see that this is equivalent to 
(2,0, 0] > [1,1, 0] 


which follows by Muirhead. Secondly, we will prove that 


3 
gaa 
cyc cyc 


And this one becomes equivalent to 
[6, 4,0] + [6, 3, 1] + [4,3, 3] + [9, 1,0] > [4,3, 3] + [7, 3, 0] + [6,3, 1] + [6, 4, 0], 


which is true since by Muirhead [9,1, 0] > [7,3,0]. Finally, we are done by combin- 
ing the two inequalities we proved 


Problem 5, Solution by Damien Jiang: Let S = zy+yz+ zx — 2xyz. Note 


that 
S= ya — 2ryz = So a? y + vyz. 


cyc cyc sym 
Clearly S > 0 because all terms in S are non-negative. Next, we show that S < 
w(x +y-+2)%. Expanding and canceling the likewise terms, we get the equivalent 


expression 
6 S- xy < eee + Ldxyz. 


sym cyc 


But this follows from Schur: 


5S ay <5) 29 + Bayz 


sym cyc 
and Muirhead: 
Sey<2ce 
sym cyc 


Problem 6, Solution by Nicholas Triantafillou: After multiplying through 
and clearing the denominators, we get 


LHS = 4[5,1,0]+ 10[4,1, 1] + 8[4, 2,0] + 6[3, 3, 0] + 52[3, 2, 1] + 16/2, 2, 2] 
RHS = 9[4,2,0] + 9[4,1,1] + 54[3, 2, 1] + 9[3,3, 0] + 15[2, 2, 2] 
and 


LHS—RHS = (4[5, 1, 0]—[4, 2, 0]—3[3, 3, 0]) +. xyz((3, 0, 0]+[1, 1, 1]—2[2,1, 0]) > 0, 


where the last inequality follows from Murihead and Schur 
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Problem 7, Solution by Matthew Superdock: After expanding and canceling 
likewise terms we get 


Se —a2\(yP t+ 2274+ 27)\(22 +272 +y") >0 


sym 
Ss Ss (aPyZ? + 4a7y? +9? + 2° yz?) > So ary +27°y4 + 7 a Qxty? + 27 y?27) 
sym sym 


By Muirhead and that xyz > 1, we have the following inequalities: 


S- gy Zz” > yi ay? 


sym sym 
S- ay? = > gy? 2? 
sym sym 
2 S- gy > 2 > gy z > 2 bs x y* 
sym sym sym 
Ye > Deter De 
sym sym sym 
13 te, Ake 
Dev > Vets Doty 
sym sym sym 
S- zy? > S- ao yt2? > S- aty?. 
sym sym sym 


Combining all these, we are done 


Problem 8, Solution by Minseon Shin: Since abc = 1, there exists positive 
reals x,y, z such that a = x/y, b= y/z, c= z/x. Substituting into the inequality, 
we get: 
(-a+yt2z)\(~-—yt2z)\(ety-2z) 
LYZ 


1 
<1 [2,1,0] < [1,1,1] + 5[3,0,0], 


Nl rR 


which is true by Schur 


